We study some properties of the tachyonic lumps in the level truncation scheme of bosonic cubic string field theory. We find that several gauges work well and that the size of the lump as well as its tension is approximately independent of these gauge choices at level (2,4). We also examine the fluctuation spectrum around the lump solution, and find that a tachyon with α ′ m 2 = −0.96 and some massive scalars appear on the lump world-volume. This result strongly supports the conjecture that a codimension 1 lump solution is identified with a D-brane of one lower dimension within the framework of bosonic cubic string field theory.
Introduction
In the past years, the tachyonic lump solutions [1, 2, 3, 4] 2 as well as the tachyon potential [6, 7, 8] have been worked out in bosonic cubic string field theory [9] using the level truncation scheme. 3 However, these calculations were carried out only in the FeynmanSiegel gauge. Although its validity has been checked in [14] , it would be interesting to see whether other gauge choices are possible. In fact, it has recently been found in [15] that the Feynman-Siegel gauge condition has a finite range of validity, and that some other gauge choices lead to similar tachyon potentials to that in the Feynman-Siegel gauge.
It is the problem of choosing the gauge fixing condition(s) that we will address in the first half of this paper. We will see that we can successfully construct lump solutions with nearly correct tensions in several gauges, and that the widths of the lumps are independent of these gauge chioces at least at level (2, 4) . Concerning this point, in the recent studies of so-called 'vacuum string field theory' [16, 17, 18] it was guessed that the width of the lump solution was a gauge-dependent quantity [17] . In more detail, let us consider the center-of-mass coordinate x µ of the string and its conjugate momentum p µ , obeying the canonical commutation relation
Combining these two operators, we can move to the oscillator representation [19] of the zero modes as [17] 
It is easily found that they satisfy the commutation relation [a µ 0 , a ν † 0 ] = η µν for the creation-annihilation operators irrespective of the value of the newly introduced parameter b. Moreover, it has been observed in [17] that the value of the ratio of the lump tensions seems to converge to the expected single value for all b, while the extent of the lump in spacetime clearly depends on b. From these facts, the authors of [17] has proposed that the solutions of different widths are related to each other by the gauge transformation which does not affect the ghost part of the string field. Though our result suggests that the size of the lump cannot be changed by gauge transformation in the 'ordinary' cubic string field theory, 4 it does not immediately contradict the above proposal because the relation between vacuum string field theory and the ordinary cubic string field theory is yet to be clarified. Since some of the symmetries in the closed string vacuum are broken in a D-brane background, it is conceivable that the ordinary cubic string field theory we will use has fewer gauge degrees of freedom than the vacuum string field theory. If the gauge symmetry which actually changes the width of the lump is broken in the presence of a D-brane background, we cannot see such an effect using the ordinary cubic open string field theory on a D-brane.
In the second half of this paper, we consider the fluctuation spectrum around the codimension-1 lump solution constructed in the modified level truncation scheme [3] . By now, it has been verified that the spacetime-independent non-perturbative vacuum solution in the ordinary cubic string field theory does not support any perturbative open string excitations [20] within the level truncation scheme. On the other hand, if the conjecture that the tachyonic lump solutions represent the lower-dimensional Dbranes [21] is true, the fluctuation spectrum around the lump solution should agree with that of the corresponding D-brane. Analyses of this kind have so far been done in the tachyonic φ 3 scalar field theory model 5 [1, 4] , the result being that the spectrum on the lump contains a tachyon with α ′ m 2 = −5/4, a massless scalar and an approximately massless gauge field (it is reviewed in section 4.1 of [12] ). At this level of approximation, the mass of the tachyon is not so close to the expected value α ′ m 2 = −1 and the tension of the lump is only 78% of the correct answer. We will examine the fluctuation spectrum on the lump solution to a higher degree of accuracy by taking into account the scalar component fields at level 2, and find that there is a tachyon with mass α ′ m 2 ≃ −0.96.
This paper is organized as follows. In section 2 we discuss the dependence of the tachyonic lump on the gauge choice at level (2, 4) approximation. In section 3, we determine the low-lying mass spectrum around the lump solution in the Feynman-Siegel gauge, and find that a tachyon appears with the nearly correct mass squared. Section 4 includes a summary of our results and discussions on some points. Numerical data for expectation values and quite lengthy expressions for the action are collected in Appendices.
Tachyonic Lumps in Various Gauges
In this section we study the dependence of the lump solutions on the gauge choice. We consider the possibility of imposing gauge fixing conditions other than the Feynman-Siegel gauge b 0 |Φ = 0 on the string field as well as that of leaving the gauge unfixed.
In the modified level truncation scheme introduced in [3] , momentum in the Xdirection, in which we will construct non-trivial field configurations, is discretized as p = n/R with n integer by compactifying the X-direction on a circle of radius R. This compact momentum is taken to contribute to the level as
where h N denotes the conformal weight of the state excluding the contribution from the momentum factor. (For more details, see [3] and chapter 4 of [12] .) To this end, we consider the level (2,4) truncation approximation. At this level, the string field without gauge fixing, restricted to the twist-even sector, is expanded as
where |n = e i n R X(0) |0 and |0 is the SL(2, R)-invariant vacuum. We have denoted by M the 25-dimensional manifold excluding X, and by L M m the Virasoro generators of the conformal field theory of central charge 25 associated with M. In finding the lump solution which is symmetric under the reflection X → −X, we can put the following constraints on φ n 's,
so that φ n |n + φ −n | − n = τ n cos n R X(0)|0 . The range of n over which the summation in eq. (4) is taken depends on the value of R. In this section our choices of R are √ 3α ′ and 2 √ 2α ′ , in which cases
at level 2. Due to the reality condition (bpz|Φ ) † = |Φ on the string field, the component fields τ n , u, v, w, r must be real. Substituting the level-expanded string field (4) into the cubic action
on a Dp-brane, we have found the level (2,4) truncated gauge-unfixed action to be
where c M = 25, K = 3 √ 3/4, and note that our normalization convention is such that every component field is dimensionless and that we are not setting α ′ to any fixed value.
In spite of leaving the gauge degrees of freedom unfixed, the procedure of level truncation actually breaks the gauge invariance, so that the equations of motion obtained by varying the action (8) have a discrete set of solutions, instead of a continuous family. Hence we can find the isolated 'closed string vacuum' solution and the lump solutions for two values (6) of radius by solving the simultaneous equations of motion numerically, even without any gauge fixing. The expectation values found this way are given in Table 2 in Appendix A. Putting these values back to the above action, we can obtain the numerical values for the depth of the tachyon potential and for the tensions of the lump solutions using the following formulae [3, 12] , respectively,
where we have denoted by τ p the tension of the original Dp-brane, by Φ vac the closed string vacuum configuration of the string field, and by Φ lump the lump configuration. We have used the relation [24] 
between the Dp-brane tension and the open string coupling on the Dp-brane in the most right hand side of eq. (9) . The conjectured values for −f (Φ vac ) and r( ∀ R, Φ lump ) are 1. Our results obtained with the gauge left unfixed are
These values are summarized in Table 1 , together with the gauge-fixed ones to be explained below.
Next we consider fixing the gauge. As we mentioned above, the gauge invariance has actually been broken by the level truncation. However, this breakdown is not under control so that the gauge-fixing is needed to obtain more definite results. The first gauge fixing condition we try to choose is the Feynman-Siegel gauge
whose validity at the linearized level was established in [7] , and its range of validity in the non-perturbative case has been argued in [15] . In terms of the component fields appearing in eq.(4), this condition is restated simply as r = 0.
As alternatives we consider the following three choices
whose component forms are, respectively,
as suggested in [15] . The validity of these gauges at the linearized level can be verified in a similar way to the case of the Feynman-Siegel gauge, at least in the level (2,4) truncation scheme. To give an example, let us look at the b 1 -gauge closely. Suppose that the initial string field |Φ is not annihilated by b 1 . Acting on |Φ with the linearized gauge transformation, we reach the transformed field
where the gauge parameter |Λ must have ghost number 0. If |Λ is taken to satisfy
then it follows that
so we have found that there is a representative obeying the gauge fixing condition b 1 | Φ = 0 in each gauge equivalent class, if there exists a suitable gauge parameter |Λ satisfying (17) . The string field |Λ of ghost number 0 is expanded as
Since we are focusing on the even level fields thanks to the twist symmetry, the first term (at oscillator level 1) can be dropped. In addition, the third and the still higher terms do not contribute at level 2. Therefore, we have only to consider the 1-parameter gauge degree of freedom
at this level of approximation. It is easily found that the above |Λ satisfies both conditions in (17) if we take µ to be equal to u/3. Furthermore, it is obvious that there is no residual gauge degree of freedom after fixing the value of µ. Similarly, we can reach the L X 2 -and L M 2 -gauge by taking µ = v and µ = w, respectively, with no residual gauge degrees of freedom left unfixed. Putting aside the problem on the validity of these gauge fixing conditions at higher levels, we will try to construct lump solutions as well as the tachyon potential using these gauge choices. And we will test one more gauge fixing condition
which was proposed in [16] as a modified version of the Feynman-Siegel gauge. This modification is necessary in vacuum string field theory with a non-standard BRST operator Q made purely out of ghost operators because of the problems described in [16] . Though the ordinary cubic string field theory has no problem about the Feynman-Siegel gauge depth of lump tension lump tension the potential for gauge, it is worth trying it in our context. Written in terms of the component fields,
After putting the gauge fixing conditions (13), (15) or (20) on the action (8), we look for solutions by extremizing the resulting action with respect to the remaining field variables. The field values which solve the equations of motion are shown in Table 2-4 in Appendix A, and the values of the lump tensions are displayed in Table 1 . From this table, it seems that the middle four gauges are working pretty well, whereas there is something wrong with the B-gauge and the non-gauge-fixed one in constructing lumps.
Given the fact that the reasonable values for the tension of the lump are reproduced in four cases, we wish to compare the profiles of the tachyon field given by
Substituting the expectation values shown in Table 2 -4 into eq. (21), we can explicitly find the tachyon profiles in various gauges. Figure 1 and Figure 3 show them put side by side, for R = √ 3α ′ and R = √ 8α ′ respectively. And, these profiles are superposed in Figure 2 and in Figure 4 for each radius.
These figures clearly indicate that the profiles found in different gauges are almost identical. To check this quantitatively, we fit each profile (21) with a Gaussian curve of the form We have found the resulting values of σ to be Table 5 in Appendix A. As an illustration, we show in Figure 5 the result of the fitting for the solution obtained in the FeynmanSiegel gauge for R = 2 √ 2α ′ . In order to estimate errors, we quote the following result from [3] :
Hence the error originating from the level truncation approximation is estimated to be
Since the range of the values (23) obtained in various gauges for each fixed radius is well within 6%, our result suggests that the values of σ for lump solutions found in different gauges agree with each other. It has already been pointed out in [3] that the size σ of the lump solution in Feynman-Siegel gauge is independent of the radius R. 6 Besides, we have found that the size of the lump is also independent of the gauge choices, at least within the range of our approximation. 6 In table (23) , one may think that there is a significant difference between σ ≃ 1.62 (R = √ 3α ′ ) and σ ≃ 1.55 (R = 2 √ 2α ′ ). We expect this discrepancy to decrease as we increase the truncation level.
Fluctuation Spectrum Around the Tachyonic Lump
In this section, we analyze the fluctuation spectrum on the lump world-volume in the Feynman-Siegel gauge for R = √ 3α ′ : While we expect that any other gauge will do, it seems that the Feynman-Siegel gauge has a better convergence property than others in the sense of level truncation [15] . On one hand too small a value of radius makes the structure of the lump vague, and on the other hand too large a value of radius makes the calculations less accurate. In general, if we have a solution Φ 0 to the equation of motion available, the cubic action for the fluctuation field Φ ′ expanded around the solution Φ 0
where the new kinetic operator Q is defined by
and we can show that Q is also nilpotent, Q 2 = 0. Hence the physical perturbative spectrum around the solution Φ 0 is determined by the cohomology of Q. For the tachyon vacuum solution Φ 0 = Φ vac , it has numerically been verified that Q has vanishing cohomology [20] and, more strongly, it has recently been proposed that, after a suitable field redefinition, Q can be brought to a simple form made purely out of ghosts [16] . On the other hand, for the codimension-1 lump solution Φ 0 = Φ lump , we expect that Q should be again the BRST operator such that the cohomology of Q reproduces the perturbative open string spectrum on a D-brane of one lower dimension. Since, however, we have not gotten a closed form expression for Φ lump , we will proceed with the help of the level truncation approximation. In principle, all we have to do is to rewrite the string field theory action (7) in terms of the component fields having the general momentumdependence, to expand them about the expectation values for the lump solution, and to look for zeroes of the quadratic form for the fluctuation fields. However, the existence of the off-diagonal pieces arising from the cubic interaction terms complicates the analysis, as explained below.
To begin with, let us state our settings. The original D-brane is a space-filling D25-brane in the 26-dimensional flat spacetime, and the codimension 1 lump is, of course, to be identified with a flat D24-brane. We will focus on the scalar fields up to level 2, restricting to the twist-even sector. While it is interesting to incorporate also the twist-odd scalar fields, we will not do so because they do not mix 8 with twist-even fields in the quadratic terms and, practically, adding these terms makes the calculations much more lengthy. Therefore, the expansion of the string field we will consider becomes
where k is the 25-dimensional momentum vector along M, |n, k = e an infinite mass, which would be resolved by compactifying all the space directions on a torus of large radii. The reality conditions
follow from the reality condition imposed on the string field. In this representation, the expectation values of the fields corresponding to the lump solution take the forms
where (τ n , u, v, w) are given in Table 2 for the Feynman-Siegel gauge, R = √ 3α ′ . The reason why we are retaining the vector and the tensor fields in eq. (24) is that the longitudinal components of them and the trace of B µν , as well as the transverse (X-)components, behave as scalars and mix with φ n and u. We almost follow the conventions of [6] , but with a slight difference encountered later.
Substituting the string field (24) into the cubic action (7) again, we have obtained the level (2,4)-truncated action written in terms of the component fields. We write down the explicit expression of it in Appendix B: we have derived it using the technology of conservation laws developed in [26] . Given this expression, we can obtain the action for the fluctuation fields by shifting the original fields by their expectation values (26) as
with a slight abuse of notation. Now, we do not impose the constraints φ n = φ −n on φ n 's because φ n and φ −n are distinct fields carrying the opposite Kaluza-Klein charge to each other. We discuss here the Lorentz decompositions of the vector and the tensor fluctuation fields, according to [6] . The massive vector fieldB µ (k) whose polarization is tangential to the lump is divided into the longitudinal and the transverse parts aš
It is easily found that
We further define
which can be regarded as a scalar in addition to the X-th vector componentB X (k) transverse to the lump, and satisfies the reality condition
Using this definition, it follows thať
Note that the B L -field has non-standard normalization, though it will not affect our analysis. 10 In what follows, we will discard the first term in the right hand side of (30).
Similarly, the tensor field B M N (k) is decomposed into several parts according to their Lorentz transformation properties as
• longitudinal component of the 'Kaluza-Klein' vector B µX (k): • trace part of
(b µν is the traceless part of B µν ),
• longitudinal part of b µν (k):
• and two transverse vectors and a symmetric 2-tensor.
Then we have
Collecting the pieces above, there are 12 scalar fields we have to consider up to level 2 from the point of view of the lump world-volume, namely
in the vector notation with T denoting the transposition. In the action for the fluctuation fields expanded around the lump solution, there are quadratic terms of the form
arising from the cubic interaction terms in the original action. Since the whole set of the cubic interaction terms includes almost all of the possible couplings, the quadratic form for the fluctuation fields is not diagonalized at all. Using the notation introduced above, the quadratic form can generally be written as
where the 'quadratic form matrix' M is Hermitian and We have plotted det M as a function of µ ≡ −α ′ k 2 in Figure 6 -10: We had to divide the whole curve into several sectors because the scale of det M greatly changes from place to place. The seeming divergence of det M at k 2 = 0 ( Figure 6 ) is an artifact caused by the The first point we should note is that there exists only one tachyonic state whose mass squared α ′ m 2 ≃ −0.961 is very close to the expected value (α ′ m 2 = −1)! One may take it for granted that the properties of the original tachyon persist to the lump, but it is not correct because the tachyon field living on the lump world-volume is not identical to the original tachyon φ on the D25-brane at all. In fact, we must take suitable linear As we increase the level of approximation, more and more fields take part in constructing the lump tachyon, though their contribution will be small. Hence, our result that there is a tachyon with α ′ m 2 ≃ −0.96 on the lump world-volume is not only desirable but also quite non-trivial.
The second point is that there are also several zeroes around α ′ m 2 = 2. 12 Although some of these states may be Q-exact and hence not physical, we have not pursued this issue because the Q-exactness here is less significant than in the case of the tachyon vacuum. The spectrum on a D24-brane contains degenerate scalar states at α ′ m 2 = 1 as in eq. (34), so that the appearance of the nearly degenerate states on the lump seems to be consistent with the expected spectrum, though the values of α ′ m 2 are a little too large: This point will be further discussed in section 4. Actually, even the fact that the det M, which is a very complicated function of µ = −α ′ k 2 , has so many zeroes on the positive real axis is rather surprising and should not be an accident. Therefore, our result can be regarded as a strong piece of evidence that the fluctuation spectrum around the tachyonic lump solution agrees with that of a D24-brane.
Conclusions and Discussions
In this paper, we have discussed two issues concerned with the tachyonic lump solutions in bosonic cubic string field theory. One is the problem of whether other gauges than the Feynman-Siegel gauge may work as well and, if so, how the properties (tension, size) of the lump depend on these gauge choices. We have obtained the result that at level (2,4) we have succeeded in constructing lump solutions in various gauges except for the B-gauge, and that not only the tension but also the size of the lump is independent of these good gauge choices. Besides, solving the equations of motion without gauge fixing does not seem to give sensible results. It remains, however, to be resolved whether these conclusions, together with the legitimacy of the gauge fixing conditions (14) themselves, persist to the higher levels or not. The other is to find the fluctuation spectrum around the tachyonic lump. Our calculations have shown that there are a tachyon with α ′ m 2 ≃ −0.96 and some massive scalar states on the lump, and we regard this result as one more piece of evidence that a tachyonic lump solution represents a lower-dimensional D-brane. We conclude this paper with some discussions.
In the analysis of the fluctuation spectrum, we have considered the determinant of M. When we increase the truncation level, however, M constitutes only part of the entire quadratic form matrix
and the masses of the states will be shifted due to the existence of non-vanishing off- 12 Excessively heavier ones (the 10th and the 11th) than the truncation scale (α ′ m 2 = 1) are not reliable.
diagonal block L, as well as the small corrections to M itself. Nevertheless we expect that the qualitative features of our result will not be altered at higher levels because the contribution from L is considered to be small. Indeed, since each component of L comes from the cubic coupling among light fields and heavy fields, it is plausible that the coefficient of such a coupling is small. But recall that the values of α ′ m 2 (> 0) at which det M vanishes were a little larger than the expected values. We hope that the masses of these massive states approach 1 as we increase the truncation level, whereas the mass of the tachyon scarcely changes. We cannot prove this statement because to reach the next level requires us to evaluate the 26 × 26 quadratic form matrix and its determinant, which has not been done yet.
In the case of superstring, a tachyonic kink solution on a non-BPS D-brane was constructed in [11] by applying the level truncation scheme to superstring field theory formulated by Berkovits. Since the kink solution is to be identified with a BPS D-brane of one lower dimension, the fluctuation spectrum around it is expected to contain a massless scalar field representing the translational mode of the kink, instead of a tachyon. Although the actual calculations must become much more complicated because of the interaction terms of higher orders, it would in principle be possible to repeat similar calculations to those explained in this paper, and we believe that our expectations could be verified by explicit calculations.
Appendices

A Expectation Values and Fitting of the Lumps
Gauge unfixed
Feynman-Siegel gauge Table 5 : The results of fitting −t(x) in eq. (21) with G(x) in eq. (22) .
B Level (2,4)-truncated Action
We write below the explicit expression of the action obtained by substituting the string field (24) into the cubic action (7) .
where we have defined the tilded fields as
and so on.
C Quadratic Form Matrix
We show the explicit form of the matrix M defined in eq.(35). The assignment of indices follows from V in eq.(34). For simplicity, we omit the overlines on the understanding that all the field variables appearing below represent their expectation values. 
